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Overview of the course

Lecture 1: QCD at different scales
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Introduction to QCD. QCD Lagrangian. Color. A ]
Perturbation theory. Running of the coupling constant. .-+~
AT e "
Lecture 2: QCD at tree.level P . We will actually do
Deep inelastic scattering. Parton model. o e . QCD caleulations

Lecture 3 and 4: QCD at one loop

Radiative correction in the parton model

Lecture 5: QCD and evolution equations
DGLAP evolution equation.

Lecture 6: Introduction to small-x
Introduction to high-energy QCD

QRCD 15 a window to the world
of quarks and gluons




Textbooks

QUANTUM
FIELD
THEORY

Foundations of Perturbative Quantum Chromodynamics at
High Energy by Y.V. Kovchegov

An Introduction to Quantum
QCD by John Collins
and E. Levin

Field Theory by George Sterman

N —

O

//"‘“‘\
()
i '\\:,_3__/
/ \. - An Introduction to

S5 Quantum

To understand QCD you have to

/—.  Field
. Theory '
oS make calculation by yourself

Mickael E. Prskin o Dawiel V. Schronder
Abp

Renormalization by

An Introduction to Quantum Field
John Collins

Theory by M.E. Peskin and D.V.
Schroeder



Standard model

Carticles (rauge bosous

Quarks
Generation >
Leptous
Ve Vr Forces befween

particles




Quantum chromodynamics (QCD)

QCD

Gluom

Strong force



QED Lagrangian
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Dirac part. Describes leptons. Maxwell part. Describes photons.
(UF] D, =0, +1eA Aq
H H H
w — wQ .................................................................................. . A _ A2
i @Dg “ Interact through covariant "f A 3
: derivative (gamma matrices) _: A
P4 A

Lorentz index

F,, =0,A, —0,A,

" D = Vi Dy

Dirac index

This is a field (operator)
Field strength tensor



QED Lagrangian: interaction term

»CQED — (’1@ mW — ZFiy — Biﬁﬂfj%’flu
/
quark (free part) / \

photon (free part) interaction

We don’t need to know explicit form

i(p+m) _je ,Y,u of gamma matrix.
p* —m?* + ie / All properties come from the
> = anticommutation relation:
(p +m)
2 _ 02 | ; v v
A prm e 77 = 20" X 1w
L
Hermiticity relation:

()T = A04#4"



Gauge 1nvariance ation

Take the Dirac Lagrangian

»CD'irac — @Z(Za — m)w

It 1s not invariant under this rotation!!!

Lgauge inv. = Y(id = m)pp — ey A,

: 4
QED Lagrangian
. New term compensates
1 d phase rotation
— 5 _
‘CQED — w(zﬁ o m)lb o ZFILLI/ - 6¢7M¢AM 1
A, — A, — Eﬁua(az)

General principle (gauge invariance) determines
the structure of the QED Lagrangian



What about QCD?

(z) = "y (z)

QED gauge transformation

Vector in the
spinor space

Color scalar

QCD gauge transformation

(@) = € O y(a)
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SU(3) gauge group

The problem s to construct a Lagrangian, which

(s tavariant under this transformation

Y1(x)

- i = | a(x)
oF 0 \Us()

Vector in the
color space

Each element is a vector
in the spinor space

Color index (not confuse it
with Dirac index)

Can construct color scalars
(baryons and mesons)




QCD Lagrangian: Lee group

(@) = e (x) = Ush(a)

I'.
.

generator SU(3) gauge transformation

Properties (we should be able to construct hadrons):

N 2 _ 1 conditions

U"'Uzl @ > detU:]_

Lee group

(Unitarity)
defined by N 21 generators

The generators “cover” all
transformations

. [ta7 tb] _ Z-fa,bctc

Non-Abelian gauge theory!!!

Z Wi i Z €ijk ViV Yk
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All non-trivial properties
come from here



QCD Lagrangian

Lopp = $(id — m)y — ~F2, — egni A,

18%
1 Free propagation doesn’t

k ~ change the color
Apply SU(3) rotation and v
restore gauge invariance ‘ - _ a a
£gauge mv. — % (Z@ — m)% - gwif'}/“tijij,u
4
—ie~M —
- Y Interaction through color

gyttt
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No, the color provides significantly
more complex, non-trivial dynamics

Gluon is a photon with color?

The reason is the structure of
the SU(3) generators



QCD Lagrangian: free gluon part
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Fundamental representation (3x3 color matrix)
o n a a

£gauge tnv. — % (7/@ — m)% - ngfy'utzj %‘ A,u

’ structure constant

[taa tb] — ifabctc | 1 v
e bc Ab
Al — Al + =0, + fP°A a°

9 \/\N
We need to find a free part which is W\/ :

invariant under this transformation Non-abelian part

QED part
Ephoton L 1F2 Egluon . 1Fa2 .
QED 4w QCD ~ T R Color index
. .
FQED:(‘)A — 0., A FaQC’D_a AT — 9 A; abcAbAc
ny pu4ty v4ilpu Ly — Upuly, vily _|_ gf [Tl %

v

Self-interaction term!!!



QCD Lagrangian

1
gluon __ a2 aQQCD __ a a abc Ab pc
Y.
..... . . 1
...Iwarlam‘ SMESILI{‘MILQ AZ N AZ i _a,u@a + fabcAZ&C
q
v
_ Compare o . .
Wi(z) — e (:v)t:-j @) e Fo, — e (x)TcLbF/SV (Where T¢ = Z‘facb)
""" fundamental representation "'+ adjoint representation
of the SU(3) group of the SU(3) group
1

Locp = Y(id —m)

a2 n a a
o ZF,LLI/ =+ ngut %DAM

L]
]
LR

Invariant under SU(3) gauge
transformation



Interaction in QCD

e 1 a N a a
Loop = (i —m)y — ZFi0 + gyt P Ay,
« . .

“.. Quark-gluon

Free quark ..~ interaction

propagation :': Slletitute F'LCLLI/ ‘.‘.’.’ ‘ Zg/yll’ta
; . : :
1 a a aoc a vc 1 ea a ec C 1%
= (OuAL = 0, A7) — gf" (D AD) AP AYE = g* (FP AL A ) (Feet AN A™)

QlED part (freet. ) We don't have this :
SHUOTL propagation tnteraction tn QEDIII g Compare with QED

“’A ‘—’1:6"}/”
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Scattering reaCtion calculate probability of the final state

(we discuss quantum theory)

P
.
.

@ -
- g probability of transition

"'+ fix initial state

d?’pi 1
) |0ut<p1 .- pn‘AB>zn|2

7'('3 EZ
(2 ) : W—_’(

Using this probability one ,
S-matrix element

can define the cross section o
flux factor -~ "«q S=1 + T
o tyansitio.n matri.x
[(k a4k B) — mi‘m 2] 1/2 (isolate interaction)
dgpz 4 c4 'I/T — (27_‘_)45(4)(k . N\
— = A+tkB p; )iM
XH/ 27)32E; ‘M| (2n) 0 (ka + ko = 3_pi) DD

transition amplitude (isolate total

IR e momentum conservation
---------------- calculate probability )



Calculation of the transition amplitude

e 1 a a aoc a vc 1 eau a en C 1% n a a
Locp = (id —m)p — 2 (9, A7 — Dy ALL)? — gf*(9,Ap) AP A — 192(f AL AD)(fETARCAYD) + gyttt AL,
B
v Interaction part L ;

Expand this exponent and get
How can we connect the perturbation theory

these two parts? /

(p1 ... Pu|iT|kakp) = (p1...pn|T (exp [i/d4x£1(x)}> kakB)o

O
-
3

.
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T-product (we talk ...
two quark-gluon vertexes about operators)

\\ two three-gluon vertexes
(p1p2|iT |k akp) 44//

4 —
_ %@M\T{i / A z Pyt P AL () X i

X / d* 2o f2° (0, A%) AMP AV (25) X i / d@%ﬂtwAg(y)}\kAkm

Note that color here is not the “color”!



Calculation of the transition amplitude

U 1 a a aoc a vc 1 eau a en C v N a a
Loop = P(id = m)yp = 2(0, A7 — 0 A)* — gf " (DAY AP AT — 2 g* (fUr AR AL ) (FOARCAT?) + gyt A

W

Y Interaction part L ;

Expand this exponent and get
How can we connect the perturbation theory

these two parts? /

(p1 ... Pu|iT|kakp) = (p1...pn|T (exp [i/d4x£1(a:)}> kakB)o

.
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T-product (we talk .-
four quark-gluon Vertexes about operators) An infinite number of combinations.

Higher order of expansion are suppressed
by powers of the coupling constant (we
hope)
P1p2 \ZT\ kakp)
9 4.7
= STRIZIZ \T{ / d iyt p AL () x @

X / d* 20 teP Af (29) X 4 / d4y%"tdwz4§(y)}!kAkB>

Note that color here is not the “color”!



Contraction of operators

One explicit contraction

<4p1p2|iT\kAkB> LT T
g : - - .
= E<F1P2IT{’6/ d eyt P A () X i
X1 X Z/ d4y&’70td¢f4g (y) } kakp) ... That ts how we get
Feynman diagrams
D2

Contract (“connect”) operators
T ; in all possible ways
(palid (@) = u(pa)e™™* possible vy




Contraction of operators (momentum representation)

We can integrate over coordinates and L ipie ipss —ipan -
o 1 2 - _
extract momentum conservation / d*re € e T = (27T ) 0 (p1 + P2 — P3)
T — M
We still don’t know what

these contractions mean




QCD propagators

Gl e e B}) O(inwl.fl.ow!”

_...- Gluon propagator 7

Ab v AC . b
B = (0|T{A? () A" ()}]0)

¥; > Vi = (0|7 {ebi (), (y) }|0)

.
.
.

"'*--- Quark propagator

assume color
index as well

T{i(x)Y;(y)} = 0(z” — y*) ()Y (y) — 0(y° — 2°); (y)s (x)

4 >
q/opé :- Te, ., . o o o
% L e Can obtain equation for this object from
4/%/ the free part of the QCD Lagrangian
%;;// . “.
/04,-




Quark propagator

T{p(z)b(y)

A
Quark propagator in momentum
representation:
. PRt
Z(SZ' '
S(p) = —
Pp—m e

Color

Wy

"
]
.,
]
[
L]

L,
ar eq{g )
v ° o4 »
A
Quark propagator in coordinate o IO/L,//%
representation:
—ip(z—y)
T{p(x)b(y)} =
p m —|— 1€



Gluon propagator

: q We start from the free gluon Lagrangian:
AV 00000000000000000 A“’ 1 1
2 2
—LFil = S AL - 9 9) A

Gluon propagator is defined as:

DM (x —y) = (0]T{ A, () A, (y)}]0) ApY

The equation for the gluon propagator in the
coordinate representation:

(PG — 0,0,) DV (z — y) = i65,6 (z — )

The equation for the gluon propagator in the

momentum representation: Ca,
€
o/zze P 4(}
2 1% . €D .
—k k. k,)D"°(k) = 10° %
( uv + pY ) ( ) 2 % We can not construct solution of the
" equation using this method!



Functional integral
D" (x —y) = (0|T{A.(x)Au(y)}|0)
Ab Aa Can we define this differently?

All possible . .
classical fields Lagrangian with

Some operator ., .7 Interaction

ammt
P
.

f D¢O ¢)exp |i [ d4:c£}
[Doexp |i [ d*aL]

.
.
.
.
.
.
.
. "
-
PR
-----
mm
amms
------

<Q\T0( )[$2) =

A

A

(QITO(A)|Q) =




Functional representation of the gluon propagator

OIT{A, (2) A, ()} [0) = 4 PA An@) A (y) exp [i ] "z Lirec

[DAexp |i [ d*aLiree]

* Integrate over infinite number of
equal combinations

a a 1 a abc Ab _c
AM%AM—I—EQLQ + [P A«

Gauge transformation

This integration leads to infiniky!!!

Can we separo&e Lk?



Functional representation of the gluon propagator

DA O(A) exp |i [ d*zL]
 [DA exp i [ d*aL]

.
P e
.
.
.

" Integrate over fixed configuration

| DA O(A exp{fd"‘ ——8“A)]}><G s
QTO(A4)|2) =
DA exp |i [ dia[l — 5 (0"A4,)%]] x G
A
....... Galﬂ‘”ﬁ 9{-2”"\ >

Integral is now well defined

( kg + (1 — g)/~c K )D“P(k) = 0!

Ab A



Functional representation of the gluon propagator

_gHab k,k,
D (k) = —* (guu—(l—f) 2 )

k2 4 e k2
e,
Land : — Foy,
ancatl sdats 5 0 Feynman gauge: f =1 4o “re 4
‘s
Dab (k) _ —id" G — k,ukV Dab (]C) _ _iguyéab
HY k2 4+ e \ 7" k2 Hy k2 + ie
Axial gauge Other forms of the gauge
1 5 fixing term are possible
7
——(n"A,)
b
T Arbitrary vector e ..
" " Light-cone gauge
: 2 __
Dt (k) = =190 mky £k, (0 4 ERDk,k, n® =0
p AR = e \ I -k (n- k)2 £=0



Faddeev-Popov ghosts

DA (9 eX d4 e (9 A X G
o) = 1 v i) 24

DA exp[ [ diz]L — & (9mA,)? ]} <G,

We have to introduce a new class of
pseudo-real field - ghosts

/ Dchexp[ / d a:ﬁghost]

-
*
'y

['ghost _ Ea(_‘a25ac o ga,ufabcAZ)Cc

L] “‘
----
. .
-----
---------

Ghost propagator

@) = [ Gyrao e e

]
] -
1] -
--------



Divergent diagrams in QED and QCD

Infiniky!!!

QED and QCD : QCD ouly




Renormalization

We assume that infinity in diagrams
7 can be absorbed by infinity in fields,
et > ¢O — “ ¢R masses and coupling constants

“Bare field” is infinite ... “Renormalized field”
] is finite
Renormalization constant

is infinite . o
The same relations for mass and renormalization constant

............................................................................. nmzzéﬁg%nR

We should be able to separate divergence from the
diagram. Usually we use dimensional regularization

go — ZggR:ue
A

-+ Arbitrary mass parameter

p(p—k)2

3 &4- ]

Change of variables and Integration in d dimensions

Extract divergence
Wick rotation



Beta function

go = ZggR:u€

.
] .
.
------

The observable shouldn’t depend on
this parameter, see renormalization
group equation

v

We can define the coupling constant
at another scale:

Renormalized coupling is a function
of the mass scale parameter

@605
e/
quf’lc,(/
3 o
e
(& p—
Ble) 1272

‘e
.
.
.

Consider a coupling scale at a given

scale
x
B(grs ) = e gr (1)
Jdgr, MR _’u(‘ng X
QCp
e/‘q;(%m,<
3 01
g 11 2
— _ N,.— =
o) =~ oty | e = 3

The sign of this two functions
is different

This equation should define
dependence of the coupling
constant on the scale



The sign of the beta function
e 4P) 9(t) 4

QCD

s (1)

(W) =17 tbocs(p) /2t log(1' / 1)

Running of the QCD coupling constant



Running of the coupling constant

0. (Q)

03

0.2

0.1

Sept. 2013

v T decays (N3LO)

Lattice QCD (NNLO)

a DIS jets (NLO)

0 Heavy Quarkonia (NLO)

o e'e jets & shapes (res. NNLO)
® 7/ pole fit (N3LO)

v pp—> jets (NLO)

QCD 0(M,) = 0.1185 £ 0.0006

100 1000

Q [GeV]

DIS [pol. strct. fctn.]  —o0——

DIS [Bj-SR] Lo
DIS [GLS-SR] —e—
t-decays [LEP] -
xF; [v -DIS] e
F2 [e_’ M_DIS] I'.'II
DIS [ep —> jets] —
QQ + lattice QCD O
Y decays —e—

|
ete” F% ._Eo_.
ete” [Ohadl : : ®

et e [jets & shapes 14 GeV] »—;o—|
et e [jets & shapes 22 GeV] ——

et e [jets & shapes 35 GeV] H—O——
ete” [Ghad] - : @
ete [jets & shapes 44 GeV] H—O—
et e [jets & shapes 58 GeV] Ho—
pp -->bb X ——O——
pp, pp —>7v X —o—i

o(pp > jets) ——
|

I'(Z%--> had.) [LEP] -o—i

et € [scaling. viol.] ._l_o_.l

et e [4-jet rate] HOH

jets & shapes 91.2 GeV '—:-O—'

jets & shapes 133 GeV '—:O—i

jets & shapes 161 GeV —O0—

jets & shapes 172 GeV |—o—:—|

jets & shapes 183 GeV —Ho—

jets & shapes 189 GeV —0—

jets & shapes 195 GeV H-O—

jets & shapes 201 GeV ':—O—'
jets & shapes 206 GeV —0—

0.I10 0.12 0.I14
os (Mz)

0.08



