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Lecture 1: QCD at different scales
Introduction to QCD. QCD Lagrangian. Color. 
Perturbation theory. Running of the coupling constant.

Lecture 2: QCD at tree level
Deep inelastic scattering. Parton model.

Lecture 3 and 4: QCD at one loop
Radiative correction in the parton model

Lecture 5: QCD and evolution equations
DGLAP evolution equation.

Lecture 6: Introduction to small-x
Introduction to high-energy QCD



Textbooks

An Introduction to Quantum 
Field Theory by George Sterman

An Introduction to Quantum Field 
Theory by M.E. Peskin and D.V. 
Schroeder

Foundations of Perturbative 
QCD by John Collins

Renormalization by 
John Collins

Quantum Chromodynamics at 
High Energy by Y.V. Kovchegov 
and E. Levin
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Quantum chromodynamics (QCD)
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QCD

Strong force

Let’s start h
ere



QED Lagrangian

LQED =  ̄(i /D �m) � 1

4
F 2
µ⌫

Dirac part. Describes leptons. Maxwell part. Describes photons.
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Dirac index

This is a field (operator)

Aµ =

0

BB@
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Lorentz index

Fµ⌫ = @µA⌫ � @⌫Aµ

Field strength tensor

Interact through covariant 
derivative (gamma matrices)

Dµ = @µ + ieAµ

/D = �µ
ijDµ



QED Lagrangian: interaction term

LQED =  ̄(i/@ �m) � 1

4
F 2
µ⌫ � e ̄i�

µ
ij jAµ

quark (free part)
photon (free part) interaction

�ie�µi(/p+m)

p2 �m2 + i✏

i(/p+m)

p2 �m2 + i✏

Aµ

We don’t need to know explicit form 
of gamma matrix.

All properties come from the 
anticommutation relation:

{�µ, �⌫} = 2gµ⌫ ⇥ n⇥n

Hermiticity relation:

(�µ)† = �0�µ�0



Gauge invariance

 i(x)
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 (x) ! e

i↵(x)
 (x)

non-local phase rotation

Take the Dirac Lagrangian

LDirac =  ̄(i/@ �m) 

It is not invariant under this rotation!!!

Lgauge inv. =  ̄(i/@ �m) � e ̄�µ Aµ

New term compensates 
phase rotation

Aµ ! Aµ � 1

e

@µ↵(x)

QED Lagrangian

General principle (gauge invariance) determines 
the structure of the QED Lagrangian

LQED =  ̄(i/@ �m) � 1

4
F 2
µ⌫ � e ̄�µ Aµ



What about QCD?

 (x) ! e

i↵(x)
 (x)

QED gauge transformation

 (x) ! e

i↵

a(x)ta
 (x)

QCD gauge transformation

SU(3) gauge group

 (x)

Vector in the 
spinor space

 i =

0

@
 1(x)
 2(x)
 3(x)

1

A

Each element is a vector 
in the spinor spaceColor index (not confuse it 

with Dirac index)

Vector in the 
color space

Color scalar

Can construct color scalars 
(baryons and mesons)



QCD Lagrangian: Lee group

 (x) ! e

i↵

a(x)ta
 (x) ⌘ U (x)

SU(3) gauge transformation

Properties (we should be able to construct hadrons):

U †U = 1

(Unitarity)

X

i

 ⇤
i  i

X

ijk

✏ijk i j k

detU = 1
Lee group

N2 � 1 conditions

defined by                      generatorsN2 � 1

The generators “cover” all 
transformations

[ta, tb] = ifabctc

Non-Abelian gauge theory!!!

All non-trivial properties 
come from here

generator



QCD Lagrangian

LQED =  ̄(i/@ �m) � 1

4
F 2
µ⌫ � e ̄�µ Aµ

Apply SU(3) rotation and 
restore gauge invariance

Lgauge inv. =  ̄i(i/@ �m) i + g ̄i�
µtaij jA

a
µ

Free propagation doesn’t 
change the color

Interaction through color�ie�µ

ig�µta

Gluon is a photon with color?

No, the color provides significantly 
more complex, non-trivial dynamics

The reason is the structure of 
the SU(3) generators



Lgauge inv. =  ̄i(i/@ �m) i + g ̄i�
µtaij jA

a
µ

QCD Lagrangian: free gluon part

[ta, tb] = ifabctc

Fundamental representation (3x3 color matrix)

Aa
µ ! Aa

µ +
1

g
@µ↵

a + fabcAb
µ↵

c

QED part
Non-abelian part

structure constant

We need to find a free part which is 
invariant under this transformation

Lphoton

QED

= �1

4
F 2
µ⌫

Lgluon

QCD

= �1

4
F a2
µ⌫

FQED
µ⌫ = @µA⌫ � @⌫Aµ

Color index

F aQCD
µ⌫ = @µA

a
⌫ � @⌫A

a
µ + gfabcAb

µA
c
⌫

Self-interaction term!!!



QCD Lagrangian

F a

µ⌫

! ei↵
c(x)T c

abF b

µ⌫

 

i

(x) ! e

i↵

c(x)tcij
 

j

(x)

Lgluon

QCD

= �1

4
F a2
µ⌫

F aQCD
µ⌫ = @µA

a
⌫ � @⌫A

a
µ + gfabcAb

µA
c
⌫

Aa
µ ! Aa

µ +
1

g
@µ↵

a + fabcAb
µ↵

c

T c
ab = ifacbwhere

adjoint representation 
of the SU(3) group

fundamental representation 
of the SU(3) group

LQCD =  ̄(i/@ �m) � 1

4
F a2
µ⌫ + g ̄�µta Aa

µ

Invariant under SU(3) gauge 
transformation



Interaction in QCD

LQCD =  ̄(i/@ �m) � 1

4
F a2
µ⌫ + g ̄�µta Aa

µ

ig�µta

Quark-gluon 
interaction

�ie�µ

Compare with QED

Free quark 
propagation

�1

4
(@µA

a
⌫ � @⌫A

a
µ)

2 � gfabc(@µA
a
⌫)A

µbA⌫c � 1

4
g2(feabAa

µA
b
⌫)(f

ecdAµcA⌫d)

Substitute F a
µ⌫

QED part (free 
gluon propagation)



Scattering reaction

fix initial state

kA

kB

p1

pn

calculate probability of the final state 
(we discuss quantum theory)

P(AB ! 1 . . . n) =

 
Y

i

d3p
i

(2⇡)3
1

2E
i

!
|
out

hp1 . . . pn|ABi
in

|2

S-matrix element

S = 1 + iT
transition matrix 
(isolate interaction)

transition amplitude (isolate total 
momentum conservation)

iT = (2⇡)4�(4)(kA + kB �
X

pi)iM

Using this probability one 
can define the cross section

d� =
1

4
[(kA · kB)2 �m2

Am
2
B ]

�1/2

⇥
Y

i

Z
d3pi

(2⇡)32Ei
|M |2(2⇡)4�4(kA + kB �

X
pi)

flux factor

calculate probability



Calculation of the transition amplitude

LQCD =  ̄(i/@ �m) � 1

4
(@µA

a
⌫ � @⌫A

a
µ)

2 � gfabc(@µA
a
⌫)A

µbA⌫c � 1

4
g2(feauAa

µA
b
⌫)(f

endAµcA⌫d) + g ̄�µta Aa
µ

Interaction part LI

kA

kB

p1

pn

How can we connect 
these two parts?

hp1 . . . pn|iT |kAkBi = hp1 . . . pn|T
✓
exp

⇥
i

Z
d

4
xLI(x)

⇤◆
|kAkBi0

T-product (we talk 
about operators)

Expand this exponent and get 
the perturbation theory

hp1p2|iT |kAkBi

=
g

4

4!
hp1p2|T

n

i

Z

d

4
x ̄�

µ
t

a
 A

a
µ(x)⇥ i

Z

d

4
z1f

abc(@µA
a
⌫)A

µb
A

⌫c(z1)

⇥i

Z

d

4
z2f

abc(@µA
a
⌫)A

µb
A

⌫c(z2)⇥ i

Z

d

4
y ̄�

µ
t

a
 A

a
µ(y)

o

|kAkBi

two quark-gluon vertexes
two three-gluon vertexes

Note that color here is not the “color”!



Calculation of the transition amplitude

LQCD =  ̄(i/@ �m) � 1

4
(@µA

a
⌫ � @⌫A

a
µ)

2 � gfabc(@µA
a
⌫)A

µbA⌫c � 1

4
g2(feauAa

µA
b
⌫)(f

endAµcA⌫d) + g ̄�µta Aa
µ

Interaction part LI

kA

kB

p1

pn

How can we connect 
these two parts?

hp1 . . . pn|iT |kAkBi = hp1 . . . pn|T
✓
exp

⇥
i

Z
d

4
xLI(x)

⇤◆
|kAkBi0

T-product (we talk 
about operators)

Expand this exponent and get 
the perturbation theory

four quark-gluon vertexes An infinite number of combinations. 
Higher order of expansion are suppressed 
by powers of the coupling constant (we 
hope)

Note that color here is not the “color”!

hp1p2|iT |kAkBi

=
g

4

4!
hp1p2|T

n

i

Z

d

4
x ̄�

µ
t
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 A

a
µ(x)⇥ i

Z

d

4
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⌫
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b
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⇥i

Z
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4
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⇢
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c
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Z

d

4
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�
t

d
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d
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o

|kAkBi



Contraction of operators

Contract (“connect”) operators 
in all possible ways 

One explicit contraction

hp2| ̄(x) = ū(p2)e
ip2x

hp1| (x) = v(p2)e
ip2x

p2

p1

hp1p2|iT |kAkBi

=
g

4

4!
hp1p2|T

n

i

Z

d

4
x ̄�

µ
t

a
 A

a
µ(x)⇥ i

Z

d

4
z1 ̄�

⌫
t

b
 A

b
⌫(z1)

⇥i

Z

d

4
z2 ̄�

⇢
t

c
 A

c
⇢(z2)⇥ i

Z

d

4
y ̄�

�
t

d
 A

d
�(y)

o

|kAkBi

A

a
µ(x)

Ab
⌫(z1)

 (z1)

 ̄(z2)

ig

Z
d

4
x�

µ
t

a

ig

Z
d4z1�

⌫tb

ig

Z
d4z2�

⇢tc ig

Z
d4y��td



Contraction of operators (momentum representation)

p2

p1

We can integrate over coordinates and 
extract momentum conservation

Z
d

4
xe

ip1x
e

ip2x
e

�ip3x = (2⇡)4�4(p1 + p2 � p3)

iT ! iM

p3

i��td
i�⇢tc

i�⌫tb

i�µta
 ̄

 

hp2| ̄ = ū(p2)

hp1| = v(p1)
Aa

µ

Ab
⌫

We still don’t know what 
these contractions mean



QCD propagators

Aa
µAb

⌫

Gluon propagator

Quark propagator

 i ̄j

assume color 
index as well

= h0|T{Aa
µ(x)A

b
⌫(y)}|0i

= h0|T{ i(x) ̄j(y)}|0i

Can obtain equation for this object from 
the free part of the QCD Lagrangian

(i�µ@µ �m) (x) = 0

T{ i(x) ̄j(y)} ⌘ ✓(x0 � y

0) i(x) ̄j(y)� ✓(y0 � x

0) ̄j(y) i(x)

{ i(x), 
†
j (y)} = �

(3)(x� y)�ij



Quark propagator

 i ̄j Solution of this equation

(i/@ �m)T{ (x) ̄(y)} = i�

(4)(x� y)⇥ n⇥n

T{ (x) ̄(y)} =

Z
d

4
p

(2⇡)4
e

�ip(x�y)
S(p)

Let’s find the solution in a form:

Z
d

4
p

(2⇡)4
e

�ip(x�y)(
/

p�m)S(p) = i�

(4)(x� y)⇥
n⇥n

Quark propagator in momentum 
representation:

Quark propagator in coordinate 
representation:

S(p) =
i�ij

/p�m+ i✏

Color

T{ (x) ̄(y)} =

Z
d

4
p

(2⇡)4
i�

ij

/

p�m+ i✏

e

�ip(x�y)



Gluon propagator

Aa
µAb

⌫

We start from the free gluon Lagrangian:

�1

4
F a2
µ⌫ =

1

2
Aa

µ(g
µ⌫@2 � @µ@⌫)Aa

⌫

D

µ⌫(x� y) ⌘ h0|T{Aµ(x)A⌫(y)}|0i

Gluon propagator is defined as:

The equation for the gluon propagator in the 
coordinate representation:

(@2
gµ⌫ � @µ@⌫)D

⌫⇢(x� y) = i�

⇢
µ�

(4)(x� y)

The equation for the gluon propagator in the 
momentum representation:

(�k2gµ⌫ + kµk⌫)D
⌫⇢(k) = i�⇢µ

Singular 4x4 matrix!
detA = 0

We can not construct solution of the 
equation using this method!



Functional integral

Aa
µAb

⌫

D

µ⌫(x� y) ⌘ h0|T{Aµ(x)A⌫(y)}|0i

Some operator

All possible 
classical fields

Lagrangian with 
interaction

h⌦|TO(�)|⌦i =
R D�O(�) exp

⇥
i

R
d

4
xL⇤R D� exp

⇥
i

R
d

4
xL⇤

h⌦|TO(A)|⌦i =

A

x



Functional representation of the gluon propagator

A

x

h0|T{Aµ(x)A⌫(y)}|0i =
R
DA Aµ(x)A⌫(y) exp

⇥
i

R
d

4
xLfree

⇤
R
DA exp

⇥
i

R
d

4
xLfree

⇤

Aa
µ ! Aa

µ +
1

g
@µ↵

a + fabcAb
µ↵

c

Gauge transformation

Integrate over infinite number of 
equal combinations

This integration leads to infinity!!!

Can we separate it?



Functional representation of the gluon propagator

A

x

A

x

h⌦|TO(A)|⌦i =
R DA O(A) exp

h
i

R
d

4
x[L� 1

2⇠ (@
µ
Aµ)

2
]

i
⇥G

R DA exp

h
i

R
d

4
x[L� 1

2⇠ (@
µ
Aµ)

2
]

i
⇥G

h⌦|TO(A)|⌦i =
R DA O(A) exp

⇥
i

R
d

4
xL⇤R DA exp

⇥
i

R
d

4
xL⇤

Integrate over fixed configuration

Integral is now well defined

Dµ⌫(k) =
�i

k2 + i✏

✓
gµ⌫ � (1� ⇠)

kµk⌫

k2

◆

✓
�k2gµ⌫ + (1� 1

⇠
)kµk⌫

◆
D⌫⇢(k) = i�⇢µ

Aa
µAb

⌫



Functional representation of the gluon propagator

⇠ = 0Landau gauge:
Feynman gauge: ⇠ = 1

Dab
µ⌫(k) =

�i�ab

k2 + i✏

✓
gµ⌫ � (1� ⇠)

kµk⌫
k2

◆

Dab
µ⌫(k) =

�i�ab

k2 + i✏

✓
gµ⌫ � kµk⌫

k2

◆
Dab

µ⌫(k) =
�igµ⌫�ab

k2 + i✏

Axial gauge Other forms of the gauge 
fixing term are possible

�1

⇠
(nµAµ)

2

Arbitrary vector

Dab
µ⌫(k) =

�i�ab

k2 + i✏

✓
gµ⌫ � nµk⌫ + n⌫kµ

n · k � (n2 + ⇠k2)kµk⌫
(n · k)2

◆ n2 = 0

Light-cone gauge

⇠ = 0



h⌦|TO(A)|⌦i =
R DA O(A) exp

h
i

R
d

4
x[L� 1

2⇠ (@
µ
Aµ)

2
]

i
⇥G

R DA exp

h
i

R
d

4
x[L� 1

2⇠ (@
µ
Aµ)

2
]

i
⇥G

Faddeev-Popov ghosts

G ⌘
Z

DcDc̄ exp


i

Z
d

4

xL
ghost

�
We have to introduce a new class of 
pseudo-real field - ghosts

L
ghost

= c̄a(�@2�ac � g@µfabcAb
µ)c

c

hca(x)c̄b(y)i =
Z

d

4
k

(2⇡)4
i

k

2
�

ab

e

�ik(x�y)

Ghost propagator

a

b

b, µ

ca

�gfabcpµ



Divergent diagrams in QED and QCD
Infinity!!!



Renormalization
We assume that infinity in diagrams 
can be absorbed by infinity in fields, 
masses and coupling constants �0 = Z1/2

� �R

“Bare field” is infinite “Renormalized field” 
is finite

Renormalization constant 
is infinite

m0 = Z1/2
m mR

The same relations for mass and renormalization constant

g0 = ZggRµ
✏

Arbitrary mass parameter

We should be able to separate divergence from the 
diagram. Usually we use dimensional regularization

Z
d4p

(2⇡)4
1

p2(p� k)2
!

Z
d4�2✏p

(2⇡)4
1

p2(p� k)2
1

2
1

p

2(p� k)2
=

Z 1

0
dx

1

[xp2 + (1� x)(p� k)2]2

3
Change of variables and 
Wick rotation

4
Integration in d dimensions

5
Extract divergence



Beta function

g0 = ZggRµ
✏

Renormalized coupling is a function 
of the mass scale parameter

�(gR,mR) = µ
@

@µ
gR(µ)

The observable shouldn’t depend on 
this parameter, see renormalization 
group equation

�(e) =
e3

12⇡2

The sign of this two functions 
is different

�(g) = � g3

(4⇡)2


11

3
Nc �

2

3
nf

�

Consider a coupling scale at a given 
scale

We can define the coupling constant 
at another scale:

d

d log(µ0/µ)
g0 = �(g0)

This equation should define 
dependence of the coupling 
constant on the scale



The sign of the beta function

g

�(g) g(t)

t ⌘ ln
µ0

µ

g

�(g)
g(t)

t ⌘ ln
µ0

µ

↵s(µ
0
) =

↵s(µ)

1 + {b0↵s(µ)/2⇡} log(µ0/µ)

Running of the QCD coupling constant



Measurements of the running coupling

Current experimental results on αS

Bethke,hep-ph/0407021

αS(MZ) = 0.1182 ± 0.0027, MS, NNLO

jets & shapes 161 GeV
jets & shapes 172 GeV

0.08 0.10 0.12 0.14

(((( ))))s Z

-decays [LEP]

xF [ -DIS]
F [e-, µ-DIS]

decays

(Z --> had.) [LEP]

e e [ ]+
had

_
e e [jets & shapes 35 GeV]+ _

(pp --> jets)

pp --> bb X

0

QQ + lattice QCD

DIS [GLS-SR]

2

3

pp, pp --> X

DIS [Bj-SR]

e e [jets & shapes 58 GeV]+ _

jets & shapes 133 GeV

e e [jets & shapes 22 GeV]+ _

e e [jets & shapes 44 GeV]+ _

e e [ ]+
had

_

jets & shapes 183 GeV

DIS [pol. strct. fctn.]

jets & shapes 189 GeV

e e [scaling. viol.]+ _

jets & shapes 91.2 GeV

e e F+ _
2

e e [jets & shapes 14 GeV]+ _

e e [4-jet rate]+ _

jets & shapes 195 GeV
jets & shapes 201 GeV
jets & shapes 206 GeV

DIS [ep –> jets]

αS is large at current scales.

Measurement αS is stable,
(αS(MZ) = 0.1183 ± 0.0027 in 2002).

The decrease of αS is quite slow – as the
inverse power of a logarithm.

Higher order corrections are and will con-
tinue to be important.

Quantum Chromodynamics at the LHCLecture I: Proton structure and Parton Showers – p.10/58

Summarizing:

• overall consistent picture: αs from very 
different observables compatible

• αs is not so small at current scales  

• αs decreases slowly at higher energies 
(logarithmic only) 

• higher order corrections are and will 
remain important 

�s(MZ0) = 0.1184± 0.007

World average

40

Running of the coupling constant

QCD αs(Mz) = 0.1185 ± 0.0006

Z pole fit  

0.1

0.2

0.3

αs (Q)

1 10 100Q [GeV]

Heavy Quarkonia (NLO)
e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

Sept. 2013

Lattice QCD (NNLO)

(N3LO)

τ decays (N3LO)

1000

pp –> jets (NLO)(–)


